This picture remains, in effect, the modern description of benzene, with the only difference that due to quantum effects, there are no longer separate single and double bonds, each bond is a superposition of bonds of both type.
Comment. It is worth mentioning that one of the possible explanations for ubiquity of hexagon-shaped benzene configurations is that the hexagonal tiling is the best way to divide a surface into regions of equal area with the least total perimeter. This statement was formulated more than 2,000 years ago as a conjecture, and it was proved only in 1999 [5] ; the same statement explains hexagonal tiling structure of beehives and of graphene, material behind carbon nanotubes; see, e.g., [6, 17] .
How did Kekule come up with his idea. One of the main motivations for Kekule was the idea of symmetry. Symmetry properties come from analyzing mono-and di-substituted molecules, in which one or two Hydrogen or Carbon atoms are replaced with other atoms -or with more complex atomic combinations (called ligands).
For example, the fact that for the same ligand replacing Carbon, there is only one type of molecule (i.e., that chemical properties do not depend on which Carbon atom is replaced), is an indication that all C atoms in this molecule are equivalent to each other -i.e., that for every two Carbon atoms, there is a permutation of this structure which transforms the first C atom into the second one.
Kekule did not just use the notion of symmetry. According to Kekule himself, his idea of a ring was also due to an inspiration -inspired by a vision of a snake seizing its own tail [10] .
Comments. A detailed history of Kekule's discovery can be found in [14, 15, 16, 18] .
Formulation of the Problem
Is it possible to only use symmetry? In his discovery, Kekule used both symmetry and inspiration. Now that we know how important symmetry is in modern physics (see, e.g., [4] ), a natural question is: is it possible to only use symmetry?
Why this is a pedagogically interesting question? This is a relatively simple real-life problem, on which one can trace symmetries without having to know too much mathematics.
What we do in this paper. In this paper, we describe all possible benzene structures which have the desired symmetry. We will show that there only three such structures (and all three have rings). Being a molecule means that, by following these bounds, we can go from each of these 12 atoms to every other of these atoms -as opposed to situations in which we have two different molecules, with no bonds between them.
Valence: reminder. Carbon C has valence 4, Hydrogen H has valence 1. This means that in a molecule, each C atom has 4 bounds, and each H atom has a single bound.
Symmetry: reminder.
We know that in the desired molecules, all six atoms C are equivalent -in the sense for every two of these atoms, there is a transformation that transforms the first one into the second one while preserving the structure.
Comment. One can easily observe that this requirement is satisfied for the Kekule structure.
Observation about H atoms. Each H atom has valence 1 and thus, can be connected to only one other atom.
If this H atom is connected to another H atom, then both of them exhausted their valence, so neither of them can be connected to anything else. As a result, these two H atoms form a separate molecule H − H, while we are looking for configurations in which all 12 atoms form a single molecule.
Thus, in the desired molecular arrangement, each H atom cannot be connected to another H atom and therefore, has to be connected to a C atom.
How many H atoms are connected to each C atom: let us apply symmetry. Since all six C atoms are equivalent to each other, each of them has the exact same number of H atoms connected to it. Let us denote this number by n. The total number of H atoms in the molecule can thus be determined as n multiplied by six.
Overall, we have 6n = 6 H atoms, so n = 1 and therefore, each C atom is connected to exactly one H atom.
Resulting convenient notation. We know that each C atom is connected to exactly one H atom. Thus, to simplify our notations, we will follow the usual convention of picturing only C atoms -with the understanding that, in addition to six explicitly drawn C atoms, there are also six H atoms, each of which is connected to one of the C atoms.
In principle, we can have single, double, or triple bonds. Each C atom is connected to one H atom, which leaves 3 out of 4 bonds to connect to other C atoms. In principle, there are three possibilities:
• it can be that one of the C atoms has a triple bond to some other C atom:
• it can also be that there are no triple bonds, but some C atoms are connected by a double bond C = C;
• it is also possible that all the bonds are singular
Let us consider all these three cases one by one.
Case of a triple bond. If two C atoms are connected by a triple bond, then they have no bonds left to connect to other C atoms. In this case, instead of being part of a 12-atom molecule, these two atoms will form a separate molecule:
Thus, if all 12 atoms form a molecules, triple bonds between C atoms are impossible.
Case of a double bond. Let us now assume that two C atoms are connected by a double bond C=C. For convenience, let us denote these atoms by C(1) and C(2), then we have
Since the atom C(1) has 3 bonds to connect to other C atoms, and it only uses two of them to connect to C(2), thus the remaining bond connects C(1) with some other atom; let us denote this other atom by C(3):
Similarly, C(2) must use its remaining bond to connect to some other C atom. This other atom cannot be C(1) -we already described all the bonds between C(1) and C(2). This also cannot be C(3), because then C(3) would have a single bond connection with two C atoms -and thus, it will not be equivalent to C(1) which has one double and one single connection. So, the C atom to which C(1) is singly bounded must be different from C(1), C(2), and C(3). Let us denote this atom by C(4). As a result, we get the following configuration:
All the C atoms are equivalent to each other. The atom C(1) has one single and one double connection; thus, the atom C(3) should also have, in addition to its single connection (to C(1)), a double connection. This double connection cannot be to C(1) or to C(2), since these two atoms have no valence left. It cannot be to C(4), because then, all four atoms C(1), C(2), C(3), and C(4) would exhaust their valence and thus, form a molecule of four C atoms. Therefore, the double connection from C(3) has to be to some C atom which is different from C(1), C(2), or C(4). Let us denote this C atom (which is doubly connected to C(3)) by C (5):
Similarly, C(4) has to have a double connection to some C atom. This connection cannot be with C(1), C(2), C(3), or C(5): none of them has enough valence. Thus, the connection has to be to a different C atom; let us denote this atom by C(6):
Now, the only two atoms that have unused bonds are C(5) and C(6). So, the only way to connect these two remaining bonds is if C(5) has a single bond with C(6). Thus, we arrive at Kekulé's ring structure.
Case when all bonds are single. Let us now consider the remaining case when all the bonds between C atoms are single bonds. Let us start with some C atom; we will denote it by C(1). This atom has three bonds to connect to other C atoms. Since all these bonds are single, C(1) is thus connected to three other atoms; let us denote them C(2), C(3), and C(4). Let us consider two subcases: when none of the three atoms C(2), C(3), and C(4) are connected to each other, and when at least of these three atoms are connected to each other. Subcase 1: no triangles. Let us start with a subcase in which none of the three atoms C(2), C(3), and C(4) are connected to each other. In this case, C (1) is not a part of any triangle of bonds. Since all the C atoms are equivalent to each other, we thus conclude that the resulting molecular structure has no triangle at all. Now, C(2) has three bonds; one of these bonds is used to connect it to C(1), so two bonds remain. These bonds cannot connect C(2) to C(3) or C(4) since this would form a triangle. Thus, C(2) is singly connected to two other atoms; we will denote them C(5) and C (6) .
Similarly, C(3) has two remaining connections to C atoms. These remaining connections cannot be to C(1), C(2), or C(4), so they must be to the two remaining C atoms C(5) and C (6) .
Likewise, C(4) must be singly connected to C(5) and C(6). Now:
• C(1) is connected to C(2), C(3), and C(4);
• C (2) is connected to C(1), C(5), and C(6);
• C(3) is connected to C(1), C (5), and C(6);
• C(4) is connected to C(1), C (5), and C(6);
• C (5) is connected to C(2), C(3), and C(4);
• C(6) is connected to C(2), C(3), and C(4).
We can see that the six C atoms can be divided into two groups:
• the first group is formed by the atoms C(1), C(5), and C(6);
• the second group is formed by the atoms C(2), C(3), and C(4).
Each atom from the first group is connected with each atom from the second group.
In particular, C(1) is connected to C(2) which is connected to C(5) which is connected to C(3) which is connected to C(6) which is connected to C(4) which is connected to C(1). In the resulting ring, each C atom is connected to each of its direct neighbors, and also to its opposite atom: C(1) is connected to C(3), C(2) to C(6), and C(4) to C(5): As a result, we get a ring structure originally proposed by A. K. L. Claus [2] . Comment. It should be mentioned that without the symmetry requirement, there are configurations without rings, e.g., the following one:
CH 2 = C = CH − CH = C = CH 2 .
